Abstract. It is shown that a set in product of n metrizable spaces is the discontinuity points set of some separately continuous function if and only if this set can be represented as the union of a sequence of Fσ-sets which are locally projectively meager.
Introduction
The general inverse problem of the separately continuous mappings theory is as follows: for a given set E which contained in the product X of topological spaces X 1 , ..., X n to construct a separately continuous function f : X → R with the discontinuity points set D(f ) = E. Direct theorems on the size of the set D(f ) for separately continuous functions give necessary conditions on the set E. Solution of the inverse problem for a given necessary conditions gives a characterization of the discontinuity points set of separately continuous functions defined on the product of spaces from some classes.
There are few results which give such characterization. R.Kershner in [1] gives the characterization of set D(f ) for separately continuous functions f : R n → R. For n = 2 this characterization has such view: a set E ⊆ R 2 is the discontinuity points set for some separately continuous function f : R 2 → R if and only if E is a F σ -set and its projections on the both axis are meagre, that is E is a projectively meagre set. J. C. Breckenridge and T. Nishiura in [2] solved the inverse problem for projectively meager F σ -sets which contained in the product od two metrizable spaces. According to Calbrix-Troallic theorem from [3] , for spaces X and Y with the second countable axiom and for a separately continuous function f : X × Y → R the set D(f ) is projectively meager. Since for every real-valued function f the set D(f ) is a F σ -set, Breckenridge-Nishiura theorem and Calbrix-Troallic theorem a characterization of discontinuity points set for separately continuous functions defined on the product of two separable metrizable spaces, in particular, on the product of two metrizable compacts.
Some new approaches to the solution of the inverse problem on the product of metrizable spaces were proposed in [4, 5, 6] . The method from [6] used locally finite systems and Stone's theorem on the paracompactness of a metrizable spaces. This method was developed in [7] (see also [8] ). Moreover, it was obtained in [9] using a theorem on the dependence of separately continuous functions on at most countable coordinates a characterization of discontinuity points set for separately continuous functions f : X × Y → R, where X and Y are the products of metrizable compacts.
A similar to Keshner's characterization is not true for separately continuous functions on the products of metrizable spaces. It was constructed in [10] an example of separately continuous function f : R × l ∞ → R for which the projection of D(f ) on the first multiplier coincides with R (see also [8, 11] ). Although in this example the projection of D(f ) is not meager, it was locally projectively one-pointed. This shows that the characterization of D(f ) for separately continuous functions f : X × Y → R defined on the product of metrizable spaces can be formulated in a locally terms. Such approach was realized in [7] . It was obtained there the characterization of D(f ) for separately continuous functions f : X × Y → R where X and Y are metrizable (see [12] and [8] ).
In this paper we consider the case of n variables functions f : X 1 × X n → R. We obtain the following result: if X 1 , ..., X n are metrizable speces and X = X 1 ×...×X n , then for set E ⊆ X there exists a separately continuous function f : X → R with D(f ) = E if and only if E is the union of a sequence of F σ -sets which are locally projectively meager. To prove the necessity we use the quasicontinuity and Banach Theorem on Category [13, p.87-90] . In the proof of the sufficiency we use an approximation method from [6, 7, 8] which based on the notion of favorable pair.
Definitions and auxiliary statements
For a function f : X → R and set A ⊆ X the real
is called the oscillation of f on A. If X is a topological space, x 0 ∈ X and U x0 is the system of all neighborhoods of x 0 in X, then
is the oscillation of f at x 0 . The function ω f : X → [0, +∞] is upper semicontinuousw and the sets {x ∈ X : ω f (x) ≥ ε} are closed for every ε > 0. A function f : X → R is called quasicontinuity, if for every x ∈ X and every its neighborhood U and every ε > 0 there exists nonempty open set V in X such that
The next lemma follows from definition. Lemma 2.1. Let X be a topological spaces. A function f : X → R is quasicontinuous if and only if f (G) ⊆ f (A) for every open in X set G and every dense in G set A ⊆ X.
Let X = X 1 × ... × X n be a topological product of n spaces, x = (x 1 , ..., x n ) ∈ X and k ∈ {1, ..., n}. We put
is called by k-th projection. We say that a set A ⊆ X is projectively nowhere dense (meager) with respect to k-th variable, if pX k (A) is nowhere dense (meager) inX k . If for every x ∈ X there exists a neighborhood U of x in X such that A U is projectively nowhere dense (meager) with respect to k-th variable, then A is called locally projectivelly nowhere dense (meagre) with respect to k-th variable. Projectively nowhere dense (meagre) with respect to every variable set is called projectively nowhere dense (meagre). The same concerns to the local versions of these notions.
Function f : X 1 × ... × X n → R is called separately continuous, if it continuous with respect to each variable. To solve the inverse problem we need the following proposition which generalize Lemma 3.1.4 from [8] .
Lemma 2.2. Let X = X 1 × ... × X n be a topological spaces of n spaces, W be a locally finite system of open in X nonempty set and (f W ) W ∈W be a family of lower semicontinuous separately continuous functions
Proof. Let x 0 ∈ X, U be an open neighborhood of x 0 in X such that the system W U = {W ∈ W : W U = ∅} is finite and g = 
To prove the inverse inclusion we fix W 0 ∈ W and consider the function
The function g W0 is lower semicontinuous. Thus, the function f W0 , i f = g W0 + f W0 is lower semicontinuous too. This implies (see, for example, Lemma 2.2.1 from [8] 
Discontinuity points set of KC-functions
The following proposition plays an important role in the prove of the main result and generalize Theorem 3.2.3 from [8] .
Theorem 3.1. Let X be a baire spase, Y be a metric space and a function f : X × Y → R be a function which is quasicontinuous with respect to the first variable and continuous with respect to the second variable. Then there exists a sequence of
E n and for every open in Y set V with diamV < 1 n the set E n (X × V ) is projectively meagre with respect to the second variable.
we denote the open bull in Y with the center y 0 and the radius ε. For m, n ∈ N we consider the sets
The sets F m are closed. It follows from the continuity of f x that
Let m, n ∈ N and V be an open in Y set with diamV < 1 n . We show that the set M 0 = E mn (X × V ) is projectively meagre with respect to the second variable. Assume the contrary. We consider the projection mapping p X = pŶ on the first multiplier and the set A 0 = p X (M 0 ). According to the assumption, there exists nonempty open in X set U 0 such that A 0 ⊇ U 0 . Fix any point y 0 ∈ V . It follows from the quasicontinuity of f y0 that there exists an open in X nonempty set U such that U ⊆ U 0 and ω fy 0 (U ) < 1 4m . Clearly that the set A = U A 0 is dense in U .
. It is wellknown (see [2, Theorem 2.2]) that f is quasicontinuous. Since the set A × V is dense in U × V , it follows from Lemma 2.1 that
Thus the set A 0 = p X (M 0 ) is nowhere dense in X. Then the closure A 0 is nowhere dense in X set too. Since X × V is open in X × Y , we have
It follows from the continuity of p X that p X (M 0 ) ⊆ p X (M 0 ) = A 0 . Thus the set F mn (X ×V ) is projectively meagre with respect to the second variable. Therefore the set
is projectively meagre with respect to the second variable. It remains to note that every E n is a F σ -set.
Main result
Theorem 4.1. Let X 1 , ..., X n are metrizable spaces, X = X 1 ×...×X n and E ⊆ X. Then there exists a separately continuous function f : X → R with D(f ) = E if and only if the set E is the union of a sequence of a F σ -sets which are locally projectively meagre.
Proof. Necessity. Let f : X → R be a separately continuous function such that D(f ) = E. Fix an index k = 1, ..., n and prove that E is the union of a sequence of a F σ -sets E (k) m which are locally projectively meagre with re4spect to the k-th variable. According to the Banach Theorem on Category [13, p.87-90] , the spacê X k is the disjoint union of an open set G which is a Baire subspace ofX k , an open meagre set H and a closed nowhere dense set Γ. The spaceX k is metrizable as a finite product of metrizable spaces. Hence,X k is perfect. Thus, open inX k set H is a F σ -set inX k . Since set E is a F σ -set in X and the projection mapping pX k : X →X k is continuous, the set
is projectively meagre with respect to the k-th variable.
The subspaceX = p −1 X k (G) of X is homeomorphic to the product G × X k and we can to consider the restriction g = f |X as a function of two variablesx k and x k .
SinceX is an open subspace of X, D(g) = D(f ) X . Clearly that g is continuous with respect to the second variable because f is separately continuous.
We show that g is quasicontinuous with respect to the first variable. Letx k ∈ G. Since G is open inX k , for every i = 1, ..., n, i = k there exist open in X i sets U i such that for their product U we havex k ∈ U ⊆ G. Since G is a Baire space, U is a Baire space too. Thus, every multiplier U i is Baire. Fix x k ∈ X k and consider the restriction h of the function g x k : G → R on the set U . The function h : U → R is a separately continuous function of n − 1 variables which defined on the product of Baire metrizable spaces U i . Since this product is Baire, according to Theorem 2.4 from [2] the function h is quasicontinuous. Therefore g x k is quasicontinuous atx k . Thus, g is quasicontinuous with respect to the first variable. Now using the Theorem 3.1 to the function g we obtain that
where
m are F σ -sets which are locally projectively meagre with respect to the second variable inX. SinceX is an open subspace of the metrizable space X, the set E (k) m is an F σ -set in X and it is an locally projectively meagre set with respect to the k-th variable. But
m is a needed representation.
Now we put
is locally projectively meagre with respect to the k-th variable and is a F σ -set for every k = 1, ..., n. Therefore, their intersection E m is a locally projectively meagre F σ -set.
E m , where E m are locally projectively meagre F σ -sets. We show firstly that E is the union of a sequence of locally projectively meagre closed sets. It is sufficient to show that every set E m has the same view. It follows from Stone's theorem on paracompactness of a metrizable space [14,.414 ] that there exists an open locally finite cover U of X such that for every U ∈ U the set M = E m U is projectively meagre. Since M is a F σ -set, M = 
, because U is a cover of X.
Thus, E = (5) for every neighburhood U 1 of arbitrary point x 0 in X there exists neighborhood U 2 of x 0 in X such that for every integer i 0 the intersection τ j (x) U 2 = ∅ for all j > i 0 and x ∈ A \ U 1 for every integer i and arbitrary points a, b ∈ A. According to (2) for every W = τ i (a) ∈ W i the point π i (a) ∈ τ i (a) does not depend on a and depends on W only. This point we denote by p i (W ).
We put F = L. Since L ⊆ A and A is closed, F ⊆ A. We construct a separately continuous lower semicontinuous function g for every x ∈ X. Since the systems V i are locally finite, the functions g m,i are continuous. Moreover, g m,i (x) ≥ 0 for every x ∈ X.
